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Abstract. An origami (also known as square-tiled surface) is a Riemann surface covering
a torus with at most one branch point. Lifting two generators of the fundamental group of
the punctured torus decomposes the surface into finitely many unit squares. By varying the
complex structure of the torus one obtains easily accessible examples of Teichmüller curves
in the moduli space of Riemann surfaces. The p-adic analogues of Riemann surfaces are
Mumford curves. A p-adic origami is defined as a covering of Mumford curves with at most
one branch point, where the bottom curve has genus one. A classification of all normal
non-trivial p-adic origamis is presented and used to calculate some invariants. These can
be used to describe p-adic origamis in terms of glueing squares.
1 Introduction
An origami is a covering of a nonsingular complex projective curve over an elliptic
curve which may be ramified only over zero. We will see in Section 2 that such
an object defines a curve (called origami-curve) in the moduli space of Riemann
surfaces. Origamis have been studied recently for example by Lochak [15], Zorich
[20], Schmithüsen [18] and Herrlich [8]. Several equivalent definitions for origamis
are in use, see [13], Ch. 1. Our definition can be generalized to other ground fields,
such as the p-adic field Cp. In the complex world we get every Riemann surface as a
quotient of an open subset Ω of P1(C) by a discrete subgroupG of PSL2(C). In the p-
adic world the analogues of Riemann surfaces, which admit a similar uniformization
Ω/G, are called Mumford curves. But contrary to the complex world not every
nonsingular projective curve over Cp is a Mumford curve. Mumford curves have
been thoroughly studied; two textbooks giving a comprehensive introduction are [6]
and [5].
As Mumford curves are the p-adic analogues of Riemann surfaces we define p-adic
origamis to be coverings of Mumford curves with only one branch point, where the
bottom curve has genus one. In Section 5 we classify all normal non-trivial p-adic
origamis. This is done using the description of the bottom curve as an orbifold Ω/G,
where Ω ⊂ P1(Cp) is open and G is a group acting discontinuously on Ω. These
groups and the corresponding orbifolds can be studied by looking at the action of G
on the Bruhat-Tits tree of a suitable subfield of Cp and the resulting quotient graph
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of groups. This has been done by Herrlich [7], and more recently by Kato [11] and
Bradley [2].
We will see in Section 5 that all normal p-adic origamis with a given Galois group
H are of the type Ω/Γ→ Ω/G with the following possible choices for the groups Γ
and G: The quotient graph of G can be contracted to
•Ca
∆
Cb //
for a p-adic triangle group ∆ (where the single vertex represents a subtree with
fundamental group ∆, the arrow indicates an end of the graph, and Ca and Cb are
finite cyclic groups of order a resp. b), which means that G is isomorphic to the
fundamental group of this graph, i.e.
G ∼= 〈∆, γ; γα1 = α2γ〉 with αi ∈ ∆ of order a.
Γ is the kernel of a morphism ϕ : G → H which is injective when restricted to
the vertex groups of the quotient graph of G. The ramification index of the p-adic
origami is then b. We have a similar result (Theorem 6.1) for the automorphism
group of the p-adic origami.
Given a p-adic origami which is defined over Q we can change the ground field to
C and know that there our origami can be described as a surface glued from squares.
Actually doing this is usually hard, because we would have to work out equations
for the Mumford curves and for the complex curves corresponding to the Riemann
surfaces. Nevertheless in many cases we can find out which complex origami-curve
belongs to our p-adic origami, as mostly the curve is already uniquely determined
by fixing the Galois group. In Section 8 we prove that this is true for the Galois
groups Dn ×Z/mZ and A4 ×Z/mZ (with n,m ∈ N and n odd).
We will also discuss some cases where this does not work, i.e. where there are
several origami-curves of origamis with the same Galois group. For groups of order
less than or equal to 250 this happens only for 30 groups. To construct examples we
can take an origami-curve which is not fixed by a certain element σ of the absolute
Galois group Gal(Q/Q). As the action of Gal(Q/Q) on origami-curves is faithful by
[17], Theorem 5.4 we can find such a curve for any given σ. In this case of course
both the curve and its image contain origamis with the same Galois group, and we
suspect that all other known invariants of origami-curves are equal as well.
2 Complex origamis
An origami is a covering p : X → E of degree d of a connected surface X over
the torus E = R2/Z2 which may be ramified only over 0 ∈ E. We can lift the
unit square defining E to X . This yields a decomposition of X into d copies of the
unit square. Removing the ramification points leads to an unramified restriction
p : X∗ := X \ p−1(0)→ E∗ := E \ {0} of degree d.
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The covering is normal if a (Galois) group G acts on X such that E = X/G. The
monodromy of such a covering is by definition the action1 of the fundamental group
π1(E
∗, P ) on the fiber p−1(P ) = G · P over any basepoint P = p(P ) with P ∈ X∗.
Without loss of generality we can choose both coordinates of P to be non-zero in
R/Z. The fundamental group π1(E
∗, P ) is isomorphic to the free group generated
by x and y, where x is the closed path starting at P in horizontal direction, and y
is the closed path starting at P in vertical direction. Now we have F2 acting on the
orbit G·P , and this action has to be compatible with the group action of G, thus the
monodromy is defined by a homomorphism f : F2 → G. If we think of the squares
making up X labelled by elements of G then the right neighbor of g ∈ G is f(x)g,
and its upper neighbor is f(y)g. As the surface is connected f has to be surjective.
Of course the monodromy map is only well-defined up to an automorphism of G.
We identify the torus E with C/Z[i], thus an origami p : X → E becomes a
Riemann surface using the coordinate charts induced by p. In fact, we get a lot of
Riemann surfaces: for every A ∈ SL2(R) we can define the lattice ΛA = A ·Z2 and
the homeomorphism cA : R
2/Z2 → R2/ΛA =: EA, x 7→ A · x. The identification of
R2 with C then leads to new coordinate charts induced by pA := cA ◦ p. We get
again a complex structure on the surface X which we denote by XA.
If the torus EA is isomorphic to our torus E = EI as a Riemann surface, then
pA : X → EA ∼= E defines another origami. We thus get an action of SL2(Z) on
the set of all origamis. If ϕ ∈ Aut(F2) is a preimage of A ∈ SL2(Z) ∼= Out(F2) =
Aut(F2)/ Inn(F2), then the action of A on the monodromy f : F2 → G of a normal
origami is given by f ◦ ϕ−1 ([13], Prop. 1.6).
The moduli spaceMg,n is the set of isomorphism classes of Riemann surfaces of
genus g with n punctures, endowed with the structure of an algebraic variety. An ori-
gami defines a subset c(O) = {XA : A ∈ SL2(R)} in Mg,n. This set turns out to be
an algebraic curve ([15], Prop. 3.2 ii)), called an origami-curve. The origami-curves
of two origamis of the same degree d are equal if and only if the two origamis are in
the same SL2(Z) orbit ([8], Prop. 5 b)). The set of normal origamis with a given
Galois group G can thus be identified with the set Aut(G)\Epi(F2, G)/Out(F2).
We would like to define the automorphism group of an origami as an invariant of
the origami-curve. Therefore we call a bijective map σ : X → X an automorphism
of the origami, if it induces for every A ∈ SL2(R) via X → E → EA a well-defined
automorphism on EA. An automorphism is called translation if it induces the
identity on E. An origami of degree d is normal if and only if it has d translations.
In this case the group of translations is isomorphic to the Galois group G ([13],
Prop. 3.12).
1Note that if we want to consider elements α, β ∈ pi1(E∗, P ) as permutations of the fiber p−1(P ),
we need αβ to be the path first along β and afterwards along α. This may not be an intuitive way
to define multiplication in pi1(E∗, P ), but otherwise the group would not act on the fiber from the
left.
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3 Discontinuous groups
After defining Mumford curves we will construct in this section the Bruhat-Tits-
Tree B for an extension of Qp using a quite concrete definition from [7]. A Mumford
curve is closely related to the quotient graph of an action of G on a subtree of B.
Often one defines a suitable subtree such that the quotient becomes a finite graph,
but instead we will follow Kato [11], who uses a slightly larger quotient graph, which
can be used to control the ramification behavior of coverings of Mumford curves.
Definition 3.1. Let k be a field which is complete with respect to a non-archime-
dean valuation and G a subgroup of PGL2(k). A point x ∈ P1(k) is called a limit
point of G, if there exist pairwise different γn ∈ G (n ∈ N) and a point y ∈ P1(k)
satisfying lim γn(y) = x. The set of limit points is denoted by L(G).
G is a discontinuous group, if Ω(G) := P1(k) \ L(G) is nonempty and for each
x ∈ P1(k) the closure Gx of its orbit is compact. A discontinuous group G is called
a Schottky group if it is finitely generated and has no non-trivial elements of finite
order. Every Schottky group is free ([6], Theorem I.3.1).
A discontinuous group G acts properly discontinuously on Ω(G). For a Schot-
tky group G we know from [6], Theorem III.2.2 that the quotient Ω(G)/G is the
analytification of an algebraic curve. Such a curve is called a Mumford curve.
If an arbitrary group G ⊂ PGL2(k) contains a discontinuous group G′ of finite
index, then L(G) = L(G′) and G is also discontinuous. We know from [6], Ch. I,
Theorem 3.1 that every finitely generated discontinuous group contains a Schottky
group as a subgroup of finite index.
Let k ⊂ Cp be a finitely generated extension of Qp. Then the set of absolute
values |k×| := {|x| : x ∈ k×} is a discrete set in R×. For r ∈ |k×| and x ∈ k
let B(x, r) := {y ∈ k : |x− y| ≤ r} be the “closed” ball2 around x. Construct a
graph with vertices B(x, r) and insert edges connecting B(x, r) and B(x′, r′) with
B(x, r) ⊂ B(x′, r′) and [r, r′] ∩ |k×| = {r, r′}. This graph is a simplicial tree, called
the Bruhat-Tits-Tree B(k). The ends3 of this graph correspond bijectively to the
points in P1(kˆ), where kˆ denotes the completion of k. The action of PGL2(k) on
P1(k) can be continued to an action on B(k), and we can modify B(k) by adding
vertices such that this action is without inversion.
Let γ ∈ PGL2(k) be hyperbolic or elliptic with two fixed points in P1(k). In
this case we define the axis A(γ) to be the infinite path connecting the two ends of
B(k) corresponding to the fixed points of γ. A hyperbolic element γ ∈ PGL2 acts
on A(γ) by shifting the whole axis towards the end corresponding to the attracting
fixpoint of γ. An elliptic element fixes A(γ) pointwise. It has additional fixed points
in B(k) if and only if ord(γ) is a power of p (this is made more precise in [7], Lemma
3).
2Note that as
∣∣k×∣∣ is discrete the ball B(x, r) is both open and closed for the topology induced
by the p-adic norm.
3An end of a graph is an infinite ray up to finitely many edges.
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Let G be a finitely generated discontinuous subgroup of PGL2(Cp) and let F (γ)
be the set of the two fixed points of γ ∈ G in P1(Cp). Now let k be the extension
of Qp generated by the coefficients of the generators of G and the fixed points of
representatives of every conjugacy class of elliptic elements in G. There are only
finitely many such conjugacy classes, hence k is a finitely generated field extension
of Qp and we can therefore construct the Bruhat-Tits-Tree B(k) as described above.
Note that by construction G ⊂ PGL2(k) and F (γ) ⊂ P1(k) for all elliptic elements
γ ∈ G. Moreover we have F (γ) ⊂ P1(kˆ) for every hyperbolic element γ ∈ G because
the endpoints of A(γ) correspond to the fixed points of γ.
As G is discontinuous, G contains only hyperbolic and elliptic elements ([11],
Lemma 4.2). The set of all fixed points of G
F (G) :=
⋃
γ∈G
F (γ)
is a G-invariant subset of P1(kˆ), therefore G also acts on the subtree T ∗(G) of B(k)
generated by the ends corresponding to F (G). We can now construct the quotient
graph G∗(G) := T ∗(G)/G. Each axis of a hyperbolic element will be mapped to a
circle in G∗(G), while each end of T ∗(G) corresponding to a fixed point of an elliptic
element but not to a fixed point of a hyperbolic element will be mapped to an end
of G∗(G). We now turn G∗(G) into a graph of groups4 by labeling the image of a
vertex resp. edge x ∈ T ∗(G) with the conjugacy class of the stabilizing group Gx
of x.
The graph G∗(G) contains a lot of useful information about the Mumford curve
Ω(G)/G. The ramification points of the covering Ω(G) → Ω(G)/G are the fixed
points of elliptic elements of G which are not fixed points of hyperbolic elements
([11], Prop. 5.6.2). Therefore the branch points correspond bijectively to the ends
of G∗(G). The stabilizing group of such an end is a cyclic group whose order equals
the corresponding ramification index. And by studying the action of the hyperbolic
elements, we find that the genus5 of G∗(G) equals the genus of Ω(G)/G ([11], §5.6.0).
Definition 3.2. We define a p-adic origami to be a covering of Mumford curves
X → E ramified above at most one point with g(E) = 1.
Starting from a Mumford curve X = Ω/Γ for a Schottky group Γ we will later
consider the quotient map to E = Ω/G for an extension G of Γ. As Γ is free the map
Ω → Ω/Γ is unramified, therefore the branch points of X → E are equal to those
of Ω→ Ω/G. Thus both necessary informations for X → E to be a p-adic origami
(the genus of E and the number of branch points) are coded in the quotient graph
G∗(G) (as its genus and the number of its ends). We will now give two examples of
how we can use this to construct p-adic origamis.
4In this chapter a graph will always mean a graph of groups to shorten notation. For the
definition of a graph of groups we refer to [19], I.4.4.
5By the genus of a graph we mean its first Betti number.
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Example 3.3. Let p > 5 and n ∈ N be odd, ζ ∈ Cp be a primitive n-th root of
unity, q ∈ Cp with |q| < |1− ζ| and set
δ =
(
ζ 0
0 1
)
σ =
(
0 1
1 0
)
γ =
(
1 + q 1− q
1− q 1 + q
)
.
Thus δ is elliptic of order n with fixed points 0 and ∞, the involution σ exchanges
the fixed points of δ and has fixed points 1 and −1, and γ is hyperbolic with the
same fixed points as σ. Then we have
• γσ = σγ and δσ = σδ−1.
• ∆ := 〈δ, σ〉 is the dihedral group Dn and fixes a single vertex A(δ) ∩ A(σ).
• Γ := 〈δiγδ−i : i ∈ {0, . . . , n− 1}〉 is a Schottky group on n free generators.
• Γ is a normal subgroup of G := 〈δ, σ, γ〉 of index 2n, hence Ω(G) = Ω(Γ) =: Ω. It
is the kernel of the map ϕ : G→ ∆ defined by ϕ|∆ = id and ϕ(γ) = 1.
• The quotient graph G∗ of Ω/G is
•〈σ〉
∆
〈δ〉 //
where we use the arrow to indicate an end of this graph.
• Since G∗ has genus 1 and one end the map Ω/Γ→ Ω/G is a normal p-adic origami
with Galois group G/Γ ∼= Dn.
A more detailed investigation of this origami can be found in [12], Bemerkung 4.3.
Example 3.4. Let p > 5 and ζ ∈ Cp be a third root of unity, q ∈ Cp with |q| small
enough6 and set
δ =
(
ζ 0
0 1
)
σ =
(−1 1
2 1
)
γ =
(
q 0
0 1
)
.
Thus δ is elliptic of order 3 with fixed points 0 and ∞, and γ is hyperbolic with the
same fixed points. The fixed points of the involution σ are − 1
2
(1 ± √3), those of
σδσ are σ(0) = 1 and σ(∞) = − 1
2
. Then we have
• γδ = δγ and (δσ)3 = id.
• ∆ := 〈δ, σ〉 is the tetrahedral group A4 and fixes a single vertex A(δ) ∩ A(σ).
• Γ := 〈αγα−1 : α ∈ T 〉 is a Schottky group on 4 free generators.
• Γ is a normal subgroup of G := 〈δ, σ, γ〉 of index 12, hence Ω(G) = Ω(Γ) =: Ω. It
is the kernel of the map ϕ : G→ ∆ defined by ϕ|∆ = id and ϕ(γ) = 1.
• The quotient graph G∗ of Ω/G is
•〈δ〉
∆
〈σ〉 //
• Since G∗ has genus 1 and one end the map Ω(Γ)/Γ→ Ω(G)/G is a normal p-adic
origami with Galois group G/Γ ∼= A4.
A more detailed investigation of this origami can be found in [12], Bemerkung 4.4.
We will see in Section 5 that the quotient graphs G∗ of all non-trivial normal
p-adic origamis look similar. We will then use this to investigate how the groups G
and Γ have to be chosen such that the map Ω/Γ→ Ω/G becomes a p-adic origami.
But first we have to study the quotient graph G∗ more closely.
6This is made more precise in [12], Bemerkung 4.4.
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4 Properties of the quotient graph
A graph of groups G∗ is called p-realizable7, if there exists a finitely generated
discontinuous group G ⊂ PGL2(Cp) with G∗ = G∗(G). Let Gnt resp. Gnc be the
subgraph of G∗ containing only vertices and edges with non-trivial resp. non-cyclic
groups.
Theorem 4.1. The number of ends of a realizable graph G∗ is
n = χ(Gnc) + 2χ(Gnt)
where χ(G) is the Euler-characteristic8 of a graph G (for infinite G we take the limit
of χ for all finite subgraphs of G).
Proof. Let D resp. d be the the number of vertices resp. edges in Gnc. Then
χ(Gnc) = D− d. Analogously let C resp. c be the number of vertices resp. edges in
Gnt \ Gnc. Thus χ(Gnt) = (C +D)− (c+ d). Then we have to show
n = D − d+ 2((C +D)− (c+ d)) = 2(C − c) + 3(D − d)
Thus our statement is just a reformulation of [2], Theorem 1.
Lemma 4.2. Let G be a finitely generated discontinuous group and let N be a
subgraph of G∗(G). Then there exists a subgroup N of G with quotient graph
N ∗ := G∗(N) ⊃ N , such that the difference between the two graphs N and N ∗
is contractible9, except for the ends of N ∗.
Proof. Choose a spanning tree of N by deleting edges {e1, . . . , eg} and let Nˆ be a
preimage of this spanning tree in T ∗(G). For each edge ei connecting vertices vi
and wi let eˆi be the lift of ei with vˆi ∈ Nˆ and eˆ′i the lift with wˆ′i ∈ Nˆ . The other
endpoints wˆi and vˆ
′
i of eˆi resp. eˆ
′
i cannot be contained in Nˆ because otherwise Nˆ
would contain a circle. Let N be the subgroup of G generated by all stabilizers of
vertices in Nˆ and for each edge ei a hyperbolic element γi mapping an vˆi to vˆ′i.
Thus N is isomorphic to the fundamental group10 of the graph of groups N by
[19], I.5.4, Theorem 13. The stabilizers in N do not change if we restrict the action
from G to N , neither do the identifications of vertices via the γi, hence the quotient
graph T ∗(G)/N contains N . Both graphs have the common fundamental group N ,
thus their difference cannot change their fundamental group, and therefore has to
be contractible.
The tree T ∗(N) is contained in T ∗(G), hence G∗(N) = T ∗(N)/N is contained
in T ∗(G)/N . Again both graphs have the common fundamental group N and hence
their difference is contractible.
7In this section we will often just write realizable if the statements hold for arbitrary p.
8Recall that the Euler-characteristic (number of vertices minus number of edges) equals the
difference of the first two Betti-numbers (number of connected components minus genus).
9An edge in a graph of groups may be contracted if it is not a loop and the inclusion of the
edge group into one of its vertex groups is an isomorphism. After the contraction only the other
vertex remains. Such a contraction does not change the fundamental group10of the graph.
10For the definition of the fundamental group of a graph of groups we refer to [19], I.5.1.
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Proposition 4.3. Let G∗ be a realizable graph, and let C be a connected component
of Gnc. Then there exists a realizable graph N ∗ with N nc = C (up to contractions)
and g(N nc) = g(N ∗).
Proof. Let G be a finitely generated discontinuous group with G∗(G) = G∗. Sub-
divide all edges emanating from C (which all have cyclic stabilizers), and let ∂(C)
be the set of all resulting edges in G∗ \ C which still have a common vertex with C.
For the graph C ∪ ∂(C) Lemma 4.2 yields a graph N ∗ with N ∗ ⊃ C. As N ∗ and C
differ up to contraction only by ends, and ends are stabilized by cyclic groups, we
get N nc = C (up to contractions) and g(N nc) = g(C) = g(N ∗).
Proposition 4.4. Let G be a connected graph of noncyclic groups which satisfies
g(G) > 0. Then there exists no realizable graph G∗ with Gnc = G (up to contractions)
and g(Gnc) = g(G∗).
Proof. Assume there is a finitely generated discontinuous group G such that G∗ :=
G∗(G) has the stated properties. Gnt is connected, because if σ and τ are elements
of stabilizers of two different connected components of Gnt, then στ is hyperbolic
and its axis contains the path p between the axes of σ and τ . The image of A(στ)
in G∗ is a circle which contains p and hence an edge with trivial stabilizer. This
would imply g(G∗) > g(Gnc) contrary to the assumption.
Thus we have g(Gnt) = g(Gnc) and both Gnt and Gnc are connected, hence
χ(Gnt) = χ(Gnc). Then Theorem 4.1 states χ(Gnt) ≥ 0. But we have χ(Gnt) < 1
because Gnt is connected and has positive genus. We thus get χ(Gnt) = χ(Gnc) = 0
and therefore g(Gnt) = g(Gnc) = 1. Hence by Theorem 4.1 the graph G∗ has no
ends.
G contains a normal subgroup Γ of finite index which is a Schottky group. As
G∗ has no ends, the covering Ω(G)/Γ→ Ω(G)/G is unramified. As g(Ω(G)/G) = 1,
we conclude g(Ω(G)/Γ) = 1 by Riemann-Hurwitz. Therefore Γ is generated by a
single hyperbolic element γ. All the elements in G have the same axis as γ (because
otherwise there would be ramification points). Therefore every finite subgroup of G
is cyclic, which contradicts the assumption.
Proposition 4.5. Let G∗ be a realizable graph. Then g(Gnc) = 0.
Proof. For every connected component of Gnc this follows from Propositions 4.3 and
4.4.
Definition 4.6. Let G ⊂ PGL2(Cp) be a discontinuous group, g(Ω(G)/G) = 0
and Ω(G) → Ω(G)/G ramified over exactly three points with ramification indices
n1, n2, n3. Then we call G a (p-adic) triangle group of type ∆(n1, n2, n3).
The graph G∗(∆(n1, n2, n3)) is a tree with exactly three ends, corresponding to
the three branch points. Conversely if G is a discontinuous group, Gnt is a tree, and
Gnc is connected, then χ(Gnt) = χ(Gnc) = 1, and G is a triangle group by Theorem
4.1.
Theorem 4.7. Let G∗ be a realizable graph and C be a connected component of Gnc.
Then the fundamental group of C is a triangle group ∆. This means that C can be
replaced by a single vertex with vertex group ∆ without changing the fundamental
group of G∗.
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Proof. Let N ∗ be the realizable graph associated to C by Proposition 4.3. By
Proposition 4.5 this graph has genus zero, so by Theorem 4.1 it has three ends.
Therefore the discontinuous group ∆ with quotient graphN ∗ is a triangle group.
Now we know that a p-realizable graph G with Gnc 6= ∅ can be made up of vertices
with p-adic triangle groups connected by edges with cyclic groups, it becomes vitally
important to find all triangle groups which can occur. Fortunately for p > 5 those
triangle groups are well-known:
Theorem 4.8. For every p there exist the classical spherical triangle groups (i.e.
those with 1
n1
+ 1
n2
+ 1
n3
> 1): the dihedral group Dn = ∆(2, 2, n), and the symmetry
groups of the platonic solids A4 = ∆(2, 3, 3), S4 = ∆(2, 3, 4) and A5 = ∆(2, 3, 5).
For p > 5 there are no other p-adic triangle groups.
Proof. Let ∆ be one of the given groups. It is a finite subgroup of PGL2(Cp) and
hence discontinuous. Its quotient graph G∗(∆) consists up to contraction of only one
vertex (otherwise ∆ would be a non-trivial amalgam or HNN-extension of smaller
groups, hence would not be finite). This vertex has to be fixed by the whole group,
which is non-cyclic, hence χ(Gnc) = χ(Gnt) = 1. Therefore ∆ is a triangle group by
Theorem 4.1.
Now let ∆ be a triangle group for p > 5. We have g(G∗(∆)) = 0, hence χ(Gnc) ≥
1 and χ(Gnt) ≥ 1. By Theorem 4.1 we have then χ(Gnc) = χ(Gnt) = 1, hence both
graphs are connected. One can show that for p > 5 all edges of a realizable tree of
groups can be contracted, which leaves a single vertex. The stabilizer of a vertex
always is a finite subgroup of PGL2(Cp) and hence either cyclic or isomorphic to
one of the groups stated (for a proof we refer to [12], Satz 2.7).
For p ≤ 5 there are additional non-spherical triangle groups. Bradley, Kato and
Voskuil are currently working on their classification [4]. A preliminary version and
an idea of the proofs can be found in [10].
Example 4.9. For p = 5 an elliptic element δ of order 5 fixes not only its axis,
but also all vertices contained in a small tube around this axis. Thus if we start
with a vertex v ∈ B on the axis of δ fixed by a dihedral group D5 generated by an
element σ of order 2 and δ, then δ fixes also other vertices on the axis of σ. These
vertices have the stabilizer 〈σ, δ〉 ∼= D5 and we can find two elements τ and τ ′ of
order 3, each with an axis through one of those vertices but not through v, such
that the stabilizers of these two vertices under the action of G := 〈σ, δ, τ, τ ′〉 are
〈σ, δ, τ〉 ∼= A5 and 〈σ, δ, τ ′〉 ∼= A5 respectively. If we do all this carefully we can get
a discontinuous group whose quotient graph looks like this:
•C3oo
A5
D5 •
D5
C5

D5 •
A5
C3 //
The generated group is thus a p-adic triangle group of type ∆(3, 3, 5). It is the
fundamental group of the graph shown above, which is A5 ∗D5 A5, where ∗D5 is the
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amalgamated product over the common subgroup D5. Details about amalgams as
fundamental groups of trees of groups can be found in [19], I.4.5.
One can generalize this example by starting with the dihedral group D5n for
n ∈ N. Then δn has order 5 and can be used to construct two stabilizers isomorphic
to A5. This results in a discontinuous group A5 ∗D5 D5n ∗D5 A5, which is a p-adic
triangle group of type ∆(3, 3, 5n).
5 Normal p-adic origamis
After the preliminaries in the last two sections we are now ready to formulate our
main result. We will restrict ourselves to ramified p-adic origamis, i.e. the case
g(X) > 1. We are particularly interested in normal origamis, which we will now
classify:
Theorem 5.1. Let X → E be a normal p-adic origami with g(X) > 1. Then there
is a discontinuous group G and a Schottky group Γ ⊳ G of finite index such that
X ∼= Ω/Γ and E ∼= Ω/G with Ω := Ω(Γ) = Ω(G).
The group G is isomorphic to the fundamental group of the graph of groups
•Ca
∆
Cb //
where ∆ is a p-adic triangle group of type ∆(a, a, b). This means that G is isomor-
phic to the fundamental group of this graph.
Thus we get
G ∼= 〈∆, γ; γα1 = α2γ〉 with αi ∈ ∆ of order a.
The Galois group of the origami is G/Γ.
Proof. X is a Mumford curve, thus there is a Schottky group Γ ⊂ PGL2(Cp) such
that X ∼= Ω(Γ)/Γ. The automorphism group AutX is isomorphic to N/Γ, where N
is the normalizer of Γ in PGL2(Cp) (this is a theorem from [6], VII.2). The Galois
group of the covering X → E is a finite subgroup of AutX and therefore takes the
form G/Γ, where Γ is a normal subgroup in G ⊆ N of finite index. In this case G
is discontinuous and Ω(G) = Ω(Γ).
The genus of G∗ := G∗(G) equals the genus of E, which is 1. The number of
ends of G∗ equals the number of branch points of the map Ω → Ω/G. As the
map Ω → Ω/Γ is unramified, this number equals the number of branch points of
X ∼= Ω/Γ→ E ∼= Ω/G, which is also 1. Thus G∗ is a realizable graph of genus one
with one end. The stabilizer of this end is a cyclic group whose order equals the
ramification index above the branch point.
We now prove that Gnc can be replaced by a vertex whose vertex group is a
triangle group of the form ∆(a, a, b) (a, b ∈ N): We know g(Gnt) ≤ 1, hence χ(Gnt) ≥
0, and the same holds for Gnc. Theorem 4.1 states χ(Gnc) + 2χ(Gnt) = 1, therefore
χ(Gnc) = 1 and χ(Gnt) = 0. As g(Gnt) ≤ 1 we conclude g(Gnt) = 1 and Gnt
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is connected. Prop. 4.5 states g(Gnc) = 0, therefore Gnc is connected as well. By
Theorem 4.7 we can replace Gnc by a single vertex v whose vertex group is a triangle
group ∆. If we contract the rest of the graph as much as possible, we get an edge
from v to v with a cyclic stabilizer. This stabilizer occurs therefore on two ends of
G∗(∆) (this was N ∗ in Theorem 4.7).
Note we have seen in Theorem 4.8 that the spherical triangle groups of type
∆(a, a, b) are Dn = ∆(2, 2, n) and A4 = ∆(2, 3, 3), and for p > 5 there exist no
other ones. For p ≤ 5 there are additional possible triangle groups, for p = 5 we
have seen the type ∆(3, 3, 5n) in Example 4.9.
We now know that normal p-adic origamis are always of the form Ω/Γ→ Ω/G,
and we know quite well which groups G can occur. It remains to investigate what
groups Γ are possible. The only restriction we have for Γ is that it has to be a
Schottky group of finite index and normal in G: As the covering Ω→ Ω/Γ is always
unramified the ramification of Ω/Γ→ Ω/G is equal to the ramification of Ω→ Ω/G
and hence only depends on G. The genus of Ω/G also does not depend on the choice
of Γ.
Theorem 5.2. Let G ⊂ PGL2(Cp) be a finitely generated discontinuous group and
Γ be a normal subgroup of G of finite index. Then the following statements are
equivalent:
i) Γ is a Schottky group
ii) Γ ∩Gi = {1} for every vertex group Gi in G∗(G).
Proof. i) ⇒ ii) is easy: The vertex groups are finite, therefore every g ∈ Gi has
finite order. Γ does not contain elements of finite order. Thus Γ ∩Gi is trivial. For
ii) ⇒ i) we proceed with three steps:
Step 1: Every element of Γ has infinite order: G is the fundamental group of
G∗(G), hence an HNN-extension of an amalgamated product of the Gi. If g ∈ G
has finite order n > 1, then g is conjugated to a g′ ∈ Gi (see [16], IV.2.4 and IV.2.7)
with ord(g′) = ord(g) > 1. But by assumption g′ 6∈ Γ and hence g 6∈ Γ as Γ is
normal in G.
Step 2: Γ is free by Ihara’s theorem ([19], I.1.5, Theorem 4): G acts on the
tree T ∗(G) with quotient graph G∗(G). For an x ∈ T ∗(G) let g ∈ StabG(x) be
non-trivial. Then g has finite order, and with step 1 we see g 6∈ Γ. Therefore the
action on T ∗(G) restricted to Γ is free, thus Γ is a free group by [19], §3.3.
Step 3: Γ is a Schottky group: Γ is by definition a finite index normal subgroup
of G. It is discontinuous because G is and it contains no elements of finite order. It is
finitely generated because G is (by Reidemeister-Schreier, [16], Prop. II.4.2). Thus
we know that Γ is a Schottky group. We can even find a finite set of free generators
of Γ by looking at its action on T ∗(G): this action has a finite fundamental domain
and this domain therefore has only finitely many neighboring translates. The set of
these neighboring translates corresponds to a finite set of free generators for Γ.
We are especially interested in the resulting Galois group H := G/Γ. Thus we
now answer the question what choices of Γ are possible if we fix this Galois group:
12 Karsten Kremer
Corollary 5.3. Let H be a finite group and G ⊂ PGL2(Cp) be a finitely generated
discontinuous group. Further let Γ be the kernel of a homomorphism ϕ : G → H.
Then the following statements are equivalent:
i) Γ is a Schottky group
ii) ϕ|Gi is injective for every vertex group Gi in G∗(G).
Proof. Follows with ker(ϕ|Gi) = Γ ∩Gi from the Theorem.
Example 5.4. a) Set Gn := 〈Dn, γ; γσ = σγ〉 as in Example 3.3 (with n odd and
ord(σ) = 2). We extend this example: Choose m ∈ N and define ϕ : Gn →
Dn×Cm by ϕ|Dn = (id, 1) and ϕ(γ) = (1, c) where c is a generator of Cm. Then
Corollary 5.3 states that Γ′ := ker(ϕ) is a Schottky group and the Galois group of
the p-adic origami Ω/Γ′ → Ω/G is Dn×Cm. Note that Γ′ ⊆ Γ := ker(Gn → Dn)
for every m, thus we have a covering of origamis Ω/Γ′ → Ω/Γ→ Ω/G.
b) Set G := 〈A4, γ; γδ = δγ〉 as in Example 3.4 (with ord(δ) = 3). We extend this
example as in a): Choose m ∈ N and define ϕ : Gn → A4×Cm by ϕ|A4 = (id, 1)
and ϕ(γ) = (1, c) where c is a generator of Cm. Then Corollary 5.3 states that
Γ′ := ker(ϕ) is a Schottky group and the Galois group of the p-adic origami
Ω/Γ′ → Ω/G is A4 × Cm. Note that Γ′ ⊆ Γ := ker(Gn → A4) for every m, thus
we have again a covering of origamis Ω/Γ′ → Ω/Γ→ Ω/G.
c) In Example 4.9 we have constructed the 5-adic triangle group ∆(3, 3, 5) = A5∗D5
A5. The groupG := 〈A5 ∗D5 A5, γ; γδ1 = δ2γ〉, where the δi of order 3 are chosen
out of the two different A5-components, can be embedded into PGL2(Q5) (to
show this one can use [11], Theorem II). Then we can define ϕ : G → A5 as
the identity on both A5-components of the amalgamated product, and ϕ(γ) = 1.
This leads to a 5-adic origami with Galois group A5.
d) Take the group G5 from part a) and consider the homomorphism ϕ : G5 →
PSL2(F11) defined by
ϕ(σ) =
(
6 7
1 5
)
, ϕ(δ) =
(
0 9
6 3
)
, ϕ(γ) =
(
3 7
8 8
)
We can calculate that this is indeed a homomorphism by checking the relations
of G5 for the given images of ϕ. We can also check that ϕ is surjective and
that ϕ|D5 is injective. Hence ker(ϕ) is a Schottky group and the corresponding
origami has Galois group PSL2(F11).
6 Automorphisms of p-adic origamis
The Galois group of the covering X → E is a subgroup of the automorphism group
AutX . For normal complex origamis we know from Section 2 that the Galois group
consists precisely of all possible translations. If the automorphism group is strictly
larger than the Galois group, then there have to be automorphisms which are not
translations, i.e. there is an automorphism which does not induce the identity but
an involution on E. We now investigate the implications if this happens in the
p-adic setting.
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Theorem 6.1. In the situation of Theorem 5.1 let Aut(X) contain an element σ of
order 2 which induces a non-trivial automorphism σ of E fixing the branch point of
X → E. Then there is a discontinuous group H containing G as normal subgroup
of index 2, which is isomorphic to the fundamental group of the graph of groups
•
C2
__???????????
C2
 





∆1
Ca
∆2
•
C2
??
C2b
?
??
??
??
??
??
where ∆1 is the p-adic triangle group of type ∆(2, 2, a), i.e. ∆1 ∼= Da, and ∆2 is a
p-adic triangle group of type ∆(2, a, 2b) containing ∆ of index 2.
Proof. Let L be the subgroup of AutX generated by σ and the Galois group
Gal(X/E). Every ℓ ∈ L \ Gal(X/E) induces σ on E, thus ℓ ◦ σ ∈ Gal(X/E).
Hence L contains Gal(X/E) with index 2, and therefore as a normal subgroup. As
in the proof of Theorem 5.1 we have L ∼= H/Γ and for a discontinuous group H and
Gal(X/E) ∼= G/Γ for a normal subgroup G of index 2 in H with Ω(H) = Ω(G) =
Ω(Γ). Now Ω/H ∼= E/ 〈σ〉 =: P .
The branch point of X → E is a fixed point of σ and therefore a ramification
point of E → P . By Riemann-Hurwitz this means that g(P ) = 0 and there are four
ramification points of E → P . As the degree of the map E → P is 2, and this is
also the ramification index of the four ramification points, we know that there are
also exactly four branch points. The composition X → P of the maps thus has four
branch points. Over three of them the map X → E is unramified, therefore the
corresponding ramification indices of X → P are 2. Over the fourth branch point
the map X → E is ramified with ramification index b, thus the total ramification
index is 2b.
Now let H∗ be the quotient graph corresponding to H . Since Ω/H ∼= P the
graph H∗ is a realizable graph of genus zero with four ends. The stabilizer of one
end is a cyclic group of order 2b, the stabilizers of the other three ends are cyclic
groups of order 2.
We have g(H∗) = 0, thus this also holds for all subgraphs of H∗. Therefore
any Euler characteristic equals the number of connected components and we have
χ(Hnc) ≥ 1 and χ(Hnt) ≥ 1. As χ(Hnc)+2χ(Hnt) = 4 by Theorem 4.1, we conclude
χ(Hnc) = 2 and χ(Hnt) = 1. Thus Hnc has two connected components, which we
can by Theorem 4.7 both replace by single vertices whose vertex groups are triangle
groups ∆1 and ∆2. Furthermore Hnt has to be connected, therefore those two
triangle groups have to be connected by a path with a nontrivial cyclic stabilizer.
This path can be contracted to a single edge.
It remains to find the connection between the stabilizing groups of G∗ and H∗.
We get the graph H∗ as the quotient of G∗ by σ (if we ignore the ends of both
graphs). The single edge from G∗ has to be mapped to itself and inverted (because
otherwise there would still be a closed edge in H∗). Thus we have to insert a vertex
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on this edge and for constructing the quotient G∗ we have to take one of the half
edges. Therefore the stabilizer of this edge (as it is not fixed by σ) is the same as
before (namely Ca) and the original vertex is fixed by ∆ and σ.
Example 6.2. Let ζ be a primitive 10-th root of unity and choose δ, σ and γ as in
Example 3.3. Then the group G :=
〈
δ2, σ, γ
〉
corresponds to the case n = 5 of this
example. But if we work out the quotient graph of H := 〈δ, σ, γ〉 we note that while
there still is a vertex with stabilizer 〈σ, δ〉 ∼= D10 now the element γδ5 is elliptic of
order 2, but does not fix this vertex. Instead there is now another vertex fixed by
γδ5 on the axis of σ, its stabilizer is therefore
〈
σ, γδ5
〉 ∼= D2. This means that γ
does not create a circle in the graph any more, but the quotient graph becomes
•
C2
__???????????
C2
 





D2
C2
D10
•
C2
??
C10
?
??
??
??
??
??
Now we define a homomorphism ϕ : H → PSL2(F11)×Z/2Z by
ϕ(σ) =
((
6 7
1 5
)
, 0
)
, ϕ(δ) =
((
8 6
4 10
)
, 1
)
, ϕ(γ) =
((
3 7
8 8
)
, 0
)
.
As in Example 5.4 d) we can check that this is indeed a homomorphism and is in-
jective when restricted to the vertex groups. Note that ϕ(δ2) = (( 0 96 3 ) , 0), thus
ϕ|G is exactly the homomorphism considered in Example 5.4 d), and we have
ker(ϕ) = ker(ϕ|G) = Γ. Thus the p-adic origami Ω/Γ → Ω/G can be extended
to Ω/Γ→ Ω/H with Galois group H/Γ ∼= PSL2(F11)×Z/2Z. This means that the
automorphism group of this origami contains the group PSL2(F11)×Z/2Z.
7 Complex and p-adic origamis
Now we want to connect the complex and the p-adic worlds: An origami-curve in
Mg,C is always defined over Q, and thus defines also a curve in Mg,Q, and this
curve can in turn be interpreted as a curve in Mg,Cp . Now we ask the question:
Does this curve intersect the subspace of Mg,Cp containing Mumford curves?
The resulting points inMg,Cp are still curves which cover an elliptic curve with
only one branch point. Thus those curves are Mumford curves if and only if they
occur as p-adic origamis. We have introduced several invariants of origami-curves
in [13], some of which turn up in both worlds: The ramification indices, the Galois
group of a normal origami and its automorphism group. By the Lefschetz principle
([14], Appendix) these algebraic properties of the origamis coincide over C and over
Cp. In some cases this is enough information to identify the complex origami-curve
which belongs to a given p-adic origami.
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Let XC → EC be an origami over C. We can write EC = EC,τ = C/(Z + τZ)
with τ ∈ H, where 0 is the only branch point ofXC → EC. We have the Weierstrass-
covering ℘ : EC,τ → P1(C). For any ramification point x 6= 0 we have ℘′(x)2 =
4℘3(x) − g2℘(x) − g3 = 0, so if g2, g3 ∈ Q we get ℘(x) ∈ Q. As ℘(0) = ∞ Belyi’s
theorem would then imply that both XC and EC are defined over Q. Therefore we
then have X
Q
and E
Q
over Q with the following diagram of base changes:
X
Q
×
Q
C = XC −−−−→ XQ ←−−−− XCp = XQ ×Q Cpy
y
y
E
Q
×
Q
C = EC −−−−→ EQ ←−−−− ECp = EQ ×Q Cp
By varying τ ∈ H we get a curve in the moduli-space Mg,C, which leads to a
curve inMg,Q, which itself can be considered as a subset of a curve inMg,Cp . This
curve may or may not intersect the subset of Mumford curves in Mg,Cp .
Example 7.1. Consider the following origami:
|
|
=
||
||
−
|||
=
|||
||||
−
||||
Kappes has proven in [9], Theorem IV.3.7 that the origami-curve inMg,C of this
origami contains all the curves birationally equivalent to
y2 = (x2 − 1)(x2 − λ2)
(
x2 −
(
λ
λ+1
)2)
for λ ∈ C \ {0,±1,− 1
2
,−2}. If we now restrict the choice of λ to Q, we get a curve
in M
g,Q
. We can now change the base of this curve to Cp for an arbitrary prime
p. This will result in a curve in Mg,Cp . Does this curve intersect the subspace of
Mg,Cp containing Mumford curves?
Fortunately [3], Theorem 4.3 offers a criterion for a hyperelliptic curve X to be
a Mumford curve: This is the case if and only if the branch points of X → P1 (in
our case ±1,±λ and ± λ
λ+1
) can be matched into pairs (ai, bi) such that P
1 can be
covered by annuli Ui each containing exactly one of those pairs. In our case we
consider only p > 2, set λ := q−1 for any q ∈ C×p with |q| < 1 and match the points
as follows:
a1 = 1, b1 = −λ = 1− q ⇒|a1 − b1| = |q| < 1
a2 = −1, b2 = λ = q − 1 ⇒|a2 − b2| = |q| < 1
a3 =
λ
λ+1
= 1
q
(q − 1), b3 = − 1q (q − 1) ⇒|a3| = |b3| =
∣∣∣1q
∣∣∣ > 1
Thus we can choose U1 = B(1, 1) \ B(−1, |q|), U2 = B(1, 1) \ B(1, |q|) and U3 =
P1 \B(1, 1) to get the desired covering11.
11The balls B(x, r) were defined in Section 3.
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In general it is almost impossible to find the equation of a given origami. There-
fore we would like a simpler approach, and we will do this the other way round:
We have already constructed p-adic origamis, now we try to match them to the
corresponding complex origami-curve. We will do this by matching some of the
corresponding invariants.
8 Galois groups with a unique curve
Some Galois groups occur only for a single origami-curve over C. We will now prove
that this is the case for the Galois groups Dn × Z/mZ and A4 × Z/mZ, which
occurred as Galois groups of p-adic origamis in Example 5.4 a) and b). Recall from
Section 2 that for a normal origami with monodromy f : F2 ։ G the other origamis
on the same curve arise from f by concatenation of elements of Aut(F2) and Aut(G).
Lemma 8.1. Let f : F2 → Z/mZ be surjective. Then up to an automorphism of
F2 we can assume f(x) = 1 and f(y) = 0.
Proof. Let cx, cy ∈ N with cx = f(x) and cy = f(y) in Z/mZ.
We prove first that we can choose the representatives cx and cy coprime: Let pi
be the prime factors of cx and set
c′y := cy +m ·
∏
pi∤cy
pi
Assume that there is a pi which is a factor of c
′
y. If pi | cy then pi would also have
to be a factor of the right-hand summand, and as it is not contained in the product
we would then have pi | m. But this contradicts 〈cx, cy〉 = Z/mZ. If on the other
hand pi ∤ cy, then pi would be a factor of the right-hand summand but not of the
left one, which would contradict the assumption.
Therefore no pi is a factor of c
′
y, thus gcd(cx, c
′
y) = 1. We can replace cy by c
′
y
as both are equivalent modulo m.
Now gcd(cx, cy) = 1, thus there exist a, b ∈ Z with acx + bcy = 1. Set
A :=
(
a −cy
b cx
)
∈ SL2(Z)
and let ϕ ∈ Aut(F2) be a lift of A. As Z/mZ is abelian we get a commutative
diagram
F2
ϕ //
?
??
??
F2
f //
?
??
??
Z/mZ
Z2
ϕ // Z2
f
??
where ϕ is the multiplication with A.
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Thus
(f ◦ ϕ)(x) = (f ◦ ϕ)
((
1
0
))
= f
((
a
b
))
= acx + bcy = 1
(f ◦ ϕ)(y) = (f ◦ ϕ)
((
0
1
))
= f
((−cy
cx
))
= −cycx + cxcy = 0
Proposition 8.2. Let n,m ∈ N and n be odd. Up to an automorphism of F2 there
exists only one curve of origamis with Galois group Dn ×Z/mZ.
Proof. Choose σ, τ ∈ Dn with 〈σ, τ〉 = Dn and ord(σ) = ord(τ) = 2, and set δ = στ .
Let f : F2 → Dn × Z/mZ be the monodromy of a normal origami. By Lemma
8.1 we can apply an automorphism of F2 to get f(x) = (α, 1) and f(y) = (β, 0)
for some α, β ∈ Dn. As f has to be surjective we know 〈α, β〉 = Dn. Up to an
automorphism of Dn we have three cases:
i) ord(α) = 2, ord(β) = 2, w.l.o.g. (α, β) = (τ, σ)
ii) ord(α) = n, ord(β) = 2, w.l.o.g. (α, β) = (δ, σ)
iii) ord(α) = 2, ord(β) = n, w.l.o.g. (α, β) = (τ, δ)
We can apply ϕ ∈ Aut(F2) with x 7→ yx and y 7→ y to get from i) to ii):
(f ◦ ϕ)(x) = f(yx) = (στ, 0 + 1) = (δ, 1) and
(f ◦ ϕ)(y) = f(y) = (σ, 0)
For odd m we can apply ϕ ∈ Aut(F2) with x 7→ x and y 7→ yxm to get from i)
to iii):
(f ◦ ϕ)(x) = f(x) = (τ, 1) and
(f ◦ ϕ)(y) = f(yxm) = (στm, 0 +m) = (δ, 0)
For even m case iii) is not possible, as f would not be surjective: Assume there
is a preimage z ∈ f−1(id, 1). We know that f(xy) = f(y−1x) (because this holds in
both components). Thus we can choose z of the form xayb, its image is (τaδb, a).
Now for f(z)1 = id we need a even, but for f(z)2 = 1 we need a = 1 in Z/mZ. For
even m this is impossible. Therefore there is no preimage of (id, 1) in this case.
Proposition 8.3. Up to an automorphism of F2 there exists, for any m ∈ N, only
one curve of origamis with Galois group A4 ×Z/mZ.
Proof. Let f : F2 → A4×Z/mZ be the monodromy of a normal origami. By Lemma
8.1 we can apply an automorphism of F2 to get f(x) = (α, 1) and f(y) = (β, 0). As
f has to be surjective we know 〈α, β〉 = A4. Up to an isomorphism of A4 we have
four cases:
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i) ord(α) = 2, ord(β) = 3, w.l.o.g. (α, β) = ((1 2)(3 4), (2 3 4))
ii) ord(α) = 3, ord(β) = 2, w.l.o.g. (α, β) = ((1 2 3), (1 2)(3 4))
iii) ord(α) = ord(β) = 3, ord(αβ) = 2, w.l.o.g. (α, β) = ((1 2 3), (2 3 4))
iv) ord(α) = ord(β) = 3, ord(αβ) = 3, w.l.o.g. (α, β) = ((1 2 4), (2 3 4))
We can apply ϕ ∈ Aut(F2) with x 7→ xy and y 7→ y to get from iii) to i):
(f ◦ ϕ)(x) = f(xy) = ((1 2 3)(2 3 4), 1) = ((1 2)(3 4), 1) and
(f ◦ ϕ)(y) = f(y) = ((2 3 4), 0)
We can apply ϕ ∈ Aut(F2) with x 7→ xy−1 and y 7→ y to get from iii) to iv):
(f ◦ ϕ)(x) = f(xy−1) = ((1 2 3)(2 4 3), 1) = ((1 2 4), 1) and
(f ◦ ϕ)(y) = f(y) = ((2 3 4), 0)
If m is not divisible by 3 choose k ∈ N such that km ≡ 1 mod 3. We can then
apply ϕ ∈ Aut(F2) with x 7→ x and y 7→ xkmy to get from iii) to ii):
(f ◦ ϕ)(x) = f(x) = ((1 2 3), 1) and
(f ◦ ϕ)(y) = f(xkmy) = ((1 2 3)(2 3 4), 0 + km) = ((1 2)(3 4), 0)
If m is divisible by 3, case ii) is not possible, as f would not be surjective:
Assume there is a preimage z ∈ f−1(id, 1). As the first component of f(z) is
id ∈ A4 the presentation of A4 tells us that the element z is contained in the normal
subgroup generated by y2, x3 and (yx)3, and hence is a product of conjugates of
those elements. But f(y2) = (id, 0) and f(x3) = f((yx)3) = (id, 3). Therefore
the second component of f(z) is divisible by 3. As m is also divisible by 3 this
contradicts f(z) = (id, 1).
Example 8.4. In Example 7.1 we have shown that the origami O defined by
|
|
=
||
||
−
|||
=
|||
||||
−
||||
occurs as a p-adic origami. Now we have an alternative way of showing this: Let O′
be the minimal normal cover of O. The Galois group of O′ is A4. Proposition 8.3
tells us that the origami-curve of O′ is the only curve with this Galois group.
In Example 3.4 we constructed a p-adic origami with Galois group A4; in fact one
for every suitably chosen q ∈ P1(Cp). If one of those origamis X ′ is (as an algebraic
curve) defined over Q and hence over C then it has to occur on the origami-curve
of O′. The covering O′ → O leads to a morphism X ′ → X , where X is on the
origami-curve of O. As X ′ is a Mumford curve the same holds for X by [1], Satz
5.24.
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9 When the group is not enough
In [13], 2.2 we have proposed an algorithm to find all complex origami-curves of
normal origamis with a given Galois group H . This results in a set of representative
origamis given as epimorphisms f : F2 ։ H as described in Section 2. For most
groups there is only one curve with the given Galois group, but there are cases where
there are more than one.12 The smallest example for such a group is the group A5
where there are two curves. Representatives are given by
f1 : F2 → A5, x 7→ (1 5 3 4 2), y 7→ (1 3 2 4 5) and
f2 : F2 → A5, x 7→ (1 5 2 4 3), y 7→ (2 3)(4 5)
We can easily see that those two origamis do not define the same curve: The ramifi-
cation index of a normal origami is the order of f(xyx−1y−1). Hence the ramification
indices of those two origamis are
ord(f1(xyx
−1y−1)) = 5 and ord(f2(xyx
−1y−1)) = 3
Example 9.1. In Example 5.4 c) we have investigated a 5-adic origami with Galois
group A5. Our 5-adic origami had ramification index 5 (recall that this was the
order of the cyclic stabilizer of the single end of the quotient graph), hence this
corresponds to the curve of the origami defined by f1.
Sometimes fixing the ramification index makes the origami-curve unique. But
there are still some cases where two curves have equal Galois groups and equal
ramification index. An example for such a group is the group PSL2(F7), where
there are even four curves, represented by fi : F2 → PSL2(F7) with fi(x) = σi and
fi(y) = τi with
σ1 = σ2 = σ3 =
(
1 2
5 4
)
, σ4 =
(
0 6
1 6
)
τ1 =
(
6 0
2 6
)
, τ2 = σ4, τ3 =
(
1 3
6 5
)
, τ4 =
(
6 3
3 4
)
The two curves defined by f1 and f2 both have ramification index 4.
In [13], Prop. 3.13 we show that the automorphism group of a normal ori-
gami with Galois group H is either H itself or isomorphic to C2 ⋉Φ H where
Φ : C2 → Aut(H) maps the generator of the cyclic group C2 to the automorphism
ϕ of H defined by ϕ(f(x)) = f(x)−1 and ϕ(f(y)) = f(y)−1. In the example above
with Galois group PSL2(F7) and ramification index 4 the automorphism groups are
isomorphic and hence can not be used to distinguish those two curves. But in some
cases they are helpful:
12There are 2386 groups with order less than or equal to 250 which can be generated by two
elements. Of these there are only 30 where there is more than one curve with this Galois group,
c.f. [13], A.3.
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Example 9.2. In Example 5.4 d) we have investigated a 5-adic origami with Galois
group PSL2(F11) with ramification index 5. There are four possible origami-curves,
represented by fi : F2 → PSL2(F11) with fi(x) = σi and fi(y) = τi with
σ1 = σ2 = σ3 =
(
4 6
8 4
)
, σ4 =
(
10 10
7 6
)
τ1 = σ4, τ2 =
(
2 1
8 10
)
, τ3 =
(
1 4
0 1
)
, τ4 =
(
4 10
0 3
)
The automorphism groups of f2 and f4 are isomorphic to PSL2(F11)×Z/2Z, while
the other two are isomorphic to Aut(PSL2(F11)). We have seen in Example 6.2 that
the automorphism group of the p-adic origami contains PSL2(F11)×Z/2Z, thus the
corresponding complex origami-curve is either defined by f2 or f4. We can presently
not decide which of the two curves is the right one.
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